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Abstract 
 
We define LCL decompositions of the plane and investigate the advantages of using such 
decompositions in the context of digital topology. We show that discretization schemes based 
on such decompositions associate, to each LCL tiling of the plane, the digital model 
preserving the local topological structure of the object. We prove that for any LCL tiling of 
the plane, the digital model is necessarily a digital 2-manifold. We show that elements of an 
LCL tiling can be of an arbitrary shape and size. This feature generates a variable density grid 
with a required resolution in any region of interest, which is extremely important in medicine. 
Finally, we describe a simple algorithm, which allows transforming regions of interest 
produced by the image acquisition process into digital spaces with topological features of the 
regions. 
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1 introduction 
 
Integrating topological features into discretization and segmentation procedures in order to 
generate topologically correct digital models of anatomical structures is critical for many 
clinical and research applications [1, 3, 14]. Sometimes, particular regions of the object 
require a dense grid while a relatively coarse grid can be used over the rest of the object of 
interest. In such cases, it is suitable to use variable density grids according to external 
requirements and geometrical and topological features of the object.  
A considerable amount of works has been devoted to building two-, three- and n-dimensional 
grids, e.g., [2, 11-13].   
In the present paper, we use an approach, which was introduced and studied in [5-7] and was 
based on LCL discretization of n-dimensional objects. This type of discretization has several 
obvious advantages. In the discrete model (the grid), topology equivalent elements (n-tiles) 
are used and at the same time, the shape and the size of an individual n-tile can be arbitrary 
(an n-tile is not necessarily a convex set) within the framework of an LCL tiling. This allows 
obtaining more detailed geometrical and topological information about the regions of interest. 
Another feature is that the intersection graph (digital model) of the grid is a digital n-
dimensional manifold preserving the topology of the object. 
The material to be presented below begins with basic definitions and results related to digital 
objects in section 2.  
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We study in section 3 discretization of the plane by LCL tilings.  We formulate conditions for 
a tiling for the plane to be the LCL cover. We show that one can choose an LCL grid with a 
required density in any region of interest which is extremely important in medicine. We prove 
that for any LCL tiling for the plane, the intersection graph is necessarily a digital 2-manifold.  
A trivial result of this consideration is that the quantity of non-isomorphic digital models (and 
LCL grids) of the plane is not restricted by a number. We provide a simple algorithm, which 
constructs   digital models of areas of interest with any required resolution. 
 
2 Preliminaries 
 
A digital object G is a simple undirected graph G=(V,W), where V={v1,v2,...vn,…} is a finite 
or countable set of points, and  W={(vрvq),....}VV is a set of edges provided that 
(vрvq)=(vqvp) and (vрvp)W [7].  Such notions as the connectedness, the adjacency, the 
dimensionality and the distance on a graph G are completely defined by sets V and W. 
Further on, if we consider a graph together with the natural topology on it, we will use the 
phrase ‘digital space”. We use the notations vpG and (vрvq)G if vpV and (vрvq)W 
respectively if no confusion can result. 
Since in this paper we use only subgraphs induced by a set of points, we use the word 
subgraph for an induced subgraph. Points vр and vq are called adjacent if (vрvq)W.  The 
subgraph O(v)G containing all points adjacent to v (without v) is called the rim or the 
neighborhood  of point v in G, the subgraph v O(v) is called the ball of  v.  
Graphs (digital spaces) can be transformed from one into another in a variety of ways. 
Contractible transformations of graphs [10] seem to play the same role in this approach as a 
homotopy in algebraic topology.  
If a graph G is obtained from a graph H by a sequence of contractible transformations, then 
we say that G is homotopic (or homotopy equivalent) to H.  A graph is called contractible if it 
is homotopy equivalent to a point.  
Contractible transformations retain the Euler characteristic and homology groups of a graph 
[10]. Let us remind some necessary definitions. 
A digital 0-dimensional sphere is a disconnected graph S
0
(a,b) with just two points a and b.   
A connected space M is called a digital n-dimensional manifold, n>0,  if the rim O(v) of any 
point v is a digital (n-1)-dimensional sphere [4, 6]. 
A connected space M is called a digital n-sphere, n>0, if for any point vM, the rim O(v) is a 
digital (n-1)-sphere and the space M-v is contractible. 
For any terminology used but not defined here, see Harary [9]. 
 
3  LCL tilings and digital models of the plane 
 
In this section, we use intrinsic topology of an object, without reference to an embedding 
space if no confusion will result.  
A set D is called an n-tile, if it is homeomorphic to a closed unit n-dimensional cube on R
n
. A 
set S is called an n-sphere, if it is homeomorphic to a unit n-dimensional sphere on R
n+1
. We 
denote the interior and the boundary of an n-tile D by IntD and D respectively, D=IntDD. 
Note that the boundary D of an n-tile D is an (n-1)-sphere. The 0-tile D is a single point for 
which D=.  If S is a circle and D is a 1-tile contained in S, then B=S-IntD is a 1-tile and 
D∩B=S0 is a pair of points at the ends of D and B. 
 
Definition 3.1. 
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Let W={D1,D2,… } be a collection of n-tiles, n=1, 2.  
 W is called a locally centered  collection (LC collection) if from condition Di(k) 
Di(m) , mk, m, k=1,2,...s,  it follows that Di(1)Di(2)…Di(s) . 
 W is called a locally  lump collection (LL collection) if any nonempty  
intersection of s distinct n-tiles is an (n-s+1)-tile: Di(1)Di(2)…Di(s) 
=Di(1)Di(2)…Di(s)= D
n-s+1
. 
 W is called a locally centered lump collection (LCL collection)  if W is a 
locally centered collection and a locally lump collection at the same time. 
 
As it follows from definition 3.1, if  W={D1,D2,… }is an LCL  collection of 1-tiles and 
D1D2, then D1D2=D1D2= D
0 
is a point. The intersection of three or more distinct 1-
tiles is empty (fig.1). 
If  W={D1,D2,… } is an LCL  collection of  2-tiles and  D1D2, then D1D2=D1D2= 
D
1 
is a 1-tile. If   D1D2D3, then D1D2D3=D1D2D3= D
0
 
 
is a point. The 
intersection of four or more distinct 2-tiles is empty (fig. 2). 
 
Evidently,   an individual n-tile can be of an arbitrary shape and size within the framework of 
an LCL collection.  
In paper [6], a locally centered collection is called continuous and it is shown that for a given 
object, the intersection graphs of all continuous, regular and contractible covers are 
homotopic to each other. In paper [13], a normal set W of convex nongenerate polygons 
(intersection of any two of them is an edge, a vertex, or empty) is called strongly normal if for 
all P, P1,…Pn  (n>0)W, if  each Pi intersects P and I=P1…Pn is nonempty, then  I 
intersects P (fig. 3).  Several papers, e.g. [1, 11, 12] extended basic results about strong 
normality to collections of polyhedra in R
n
. 
There are obvious differences between SN collections of polygons and LCL collections. For 
example, elements of an SN collection are convex sets. On the contrary, any 2-tile in an LCL 
collection can be of an arbitrary form and size (fig. 2, 3) and the local topology is determined 
Figure 1. Collections of 1-tile:  (a) is an LC, non-LL collection. (b) is an LL, non-LC collection.  (c), 
(d), (e) are LCL collections. 
 (a)                      (b)                   (c)                         (d)                            (e)    
Figure 2. Collections of 2-tiles: (a) is an LL, non-LC collection. (b) is an LC, non-LL collection.   (c), (d), (e) 
are  LCL collections. 
(d) (b) (a) (c) (e) 
 4 
by the neighborhood of the tile.   
 
The following proposition is a direct consequence of definition 3.1.   
 
Proposition 3.1 
(1) Let W={D0,D1,…} be an LCL collection of n-tiles, n=1, 2. Then any subcollection of W 
is an LCL collection of n-tiles. 
 
Regard  now the set of n-tiles, n=1, 2, adjacent to a given n-tile in an LCL collection. This set  
specifies local topological properties of the collection.  
 
Proposition 3.2 
Let W={D0,D1,…} be an LCL collection of n-tiles, n=1,2, and Ci=D0Di, for i=1,…s. 
Then the collection V={C1,C2,…Cs} of (n-1)-tiles is an LCL collection and collections 
U={D1,D2,…Ds} and V={C1,C2,…Cs} are isomorphic (fig.4). 
Proof. 
It is obvious for n=1 (fig.1). 
Let n=2 . Suppose that CmCr≠, m,r=1,…t, m≠r. Then C1C2=D0D1D2=x is a point. By 
construction, x is an endpoint of 1-tiles C1 and C2, i.e., C1C2=C1C2=x. 
Assume now that CmCr≠, m,r=1,2,3,  Then C1C2C3=D0 D1D2D3=. Therefore, 
t=2 and V is an LCL collection of 1-tiles. The isomorphism of U and V is evident.  
 
Fig. 4(a) shows an LCL collection W={D0,…} of 2-tiles, the collection U of 2-tiles adjacent 
Figure 3. (a)-(c) are SN collections. The unions of tiles in these collections  are topologically different, 
but the intersection graphs of the unions are identical. The collection (d) is SN but not LCL one.  
The collection (e) is LCL and SN one. 
(a) (b) (c) (e) (d) 
Figure 4. (a) An LCL collection W of 2-tiles. (b) The LCL collection U of 2-tiles adjacent to D0. 
(c) The LCL collection V of 1-tiles Ci=Di∩D0. Collections U and V are isomorphic.  
(a) 
(D0 
(b) (c) 
 5 
to D0 is depicted in fig. 4(b), the collection V of 1-tiles Ci=D0Di is shown in fig. 4(c). 
Collections U and V are isomorphic.  
 
Definition 3.2. 
Let W={D0,D1,…} be an LCL collection of n-tiles, n=1,2. Then W is called a tiling of 
M=D1D2….  The intersection graph G(W) of W is called the digital model of 
M=D0D1… in regard to W. 
 
Proposition 3.3. 
 Let an LCL collection W={D0,D1,D2…} of 1-tiles be  a tiling of a circle. Then the 
intersection graph G(W) of W is a digital 1-sphere (fig. 3.4). 
 Let an LCL collection W={D0,D1,D2…} of 1-tiles be a tiling of the line R
1
. Then the 
intersection graph G(W) of W is a digital 1-manifold (fig. 3.4). 
The proof  follows from figure 5. 
 
Proposition 3.4. 
Suppose that an LCL collection W={D0,D1,…} of 2-tiles is a tiling of the plane (fig. 6). 
Then the intersection graph G(W) of W is a digital   2-manifold. 
Proof. 
Let W={D0,D1,…} be an LCL tiling of the plane and consider the collection U={D1,D2…Ds} 
of all 2-tiles, which intersect D0, D0Di, i=1,…s. Then the collection V={C1,C2,…Cs}, 
where Ci=D0Di, i=1,,...s, is an LCL collection of 1-tiles according to proposition 3.2. By 
construction, V is a tiling of the circle S=D0 and by proposition 3.3, the intersection graph 
G(V) of V is a digital   1-sphere S
1
0. Therefore, the intersection graph G(U) of U={D1,…Ds} 
is a digital 1-sphere S
1
0. Since this is applicable to any DiW, then G(Ui)=S
1
i is a digital 1-
Figure. 5. (a) LCL tilings of a circle their digital models. The intersection graphs of tilings 
are digital 1-spheres. (b) An LCL tiling of the line. The intersection graph of the tiling is a 
digital  1-manifold. 
(a)  
S L 
D1 D2 D3 D4 D5 
(b)  
Figure.6.  LCL tilings of the plane and their digital models. (b) The digital model Z
2
 of the tiling (a) is a 
digital 2-manifolds of (6,6) type. (d) The digital model Z
2
 of the tiling (c) is a digital 2-manifold of (4,8) 
type. (e ) The LCL tiling is a grid with variable density. In the middle of the picture the density is the 
highest one. 
(a)                 (b)                 (c)                      (d)                             (e) 
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sphere. Therefore,  G(W) is a digital   2-manifold.  
 
As it follows from propositions 3.3. and 3.4,  the digital model retains the same topology 
regardless of what LCL tilings are introduced.  
LCL tilings of the plane and their digital models Z
2
 are depicted in  fig. 3(e) and fig. 6. 
Consider the LCL tilings of the plane depicted in fig. 6.  In tiling (c), 2-tiles of different shape 
and size are used. Digital models (b) and (d) of these tilings are digital 2-manifolds Z
2
.  The 
tiling (e) is a grid with variable density. In the middle of the picture the density is the highest 
one. Note that all these tilings are not SN.   
Now we are able to describe a simple algorithm, which allows transforming  regions of 
interest produced by the image acquisition process into digital spaces with topological 
features of the regions. 
On the first step, construct an LCL grid W with the variable density in accordance with 
conditions and restrictions imposed by requirements defined by the accuracy and correctness 
of the representation.   
On the second step, build the digital model (intersection graph) of W. Using an LCL cover 
guaranties that G(W) is a digital 2-manifold preserving the topology of the object.  
 
Summary of results 
 
In this paper we introduce an LCL tiling for the plane and investigate its properties.  
We show that the intersection graph of any LCL tiling of the plane  is a digital 2-manifold 
preserving the local topological structure of the plane. 
We present a simple algorithm for building digital counterparts of the plane with the required 
resolution in specific reagons of interest. 
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